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Abstract 



We develop a quantum duality principle for subgroups and homogeneous spaces 
of a Poisson group G and its Poisson dual G* in the context of global quantizations. 

Starting from a quantum subgroup, resp. a quantum homogeneous space (both 
suitably defined, even in a weak sense), for a given quantum group (on G), we provide 
functorial recipes which produce a quantization of a quantum homogeneous space, 
, resp. a quantum subgroup, for G* . The outcome objects are quantizations in a 

stronger sense, so that the homogeneous spaces, resp. the subgroups, which come out 
as their specializations actually are coisotropic, resp. Poisson quotients. 

If we start with quantizations in the strongest possible sense — in more or less 
■ common terminology, they are called flat — the outcome is strong too. In this case, 

subgroups are necessarily coisotropic and homogeneous spaces are Poisson quotients; 
also, in our construction any final object is related to the initial one by being its 
coisotropic dual. We end with some explicit examples of application of our recipes. 



1 Introduction 

The quantum duality principle, first mentioned by Drinfel'd in [6] (see [8] for a 
proof), was a remark that quantized universal enveloping algebra could be inter- 
preted also as quantum function algebras of suitable dual groups, and viceversa. 

This principle — QDP in what follows — was generalized to (embeddable) quan- 
tum homogeneous spaces in [4j ; to be more precise, in that work it was shown that 
in the context of formal quantization one can define functors on two kind of al- 
gebraic subobjects of a Hopf algebra: one-sided coideal subalgebras and one-sided 
ideals and coideals. These algebraic objects, depending on whether they sit inside a 
quantized enveloping algebra or a quantized function algebra, describe quantizations 
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of coisotropic subgroups or quantizations of quotient Poisson homogeneous spaces. 
Such subobjects have been the subject of intensive study in last years, leading to 
their classification in some specific cases (e.g. [121 1131 US]). The above mentioned 
functors transform then a quantum homogeneous space (resp. a quantum coisotropic 
subgroup) in a quantum coisotropic subgroup (resp. a quantum homogeneous space) 
for the dual Poisson group. Of course this duality, much like the original Drinfel'd's 
QDP, is dictated by the underlying Poisson structures. 

The results of the present paper extend those in [H [5], which deals with for- 
mal quantum groups and fiat (deformation) quantizations of their subgroups and 
homogeneous spaces. Besides adapting that work to the richer context of global 
quantum groups, we now deal with weakest notions of quantizations of subgroup 
and homogeneous spaces: this allows to consider also those subgroups which are not 
coisotropic and those homogeneous spaces which are not Poisson quotients. 

We will show how the generalized QDP extends from formal to global quantiza- 
tions, i.e. suitable Hopf algebras over C[g, g"^] and subobjects inside them (to be 
specialized at q = 1). The global QDP will then appear in the form of four functors 
transforming one-sided coideal subalgebras (resp. one-sided ideals and coideals) in 
a quantized universal enveloping algebra (resp. in a quantum function algebra) into 
one-sided coideal subalgebras (resp. one-sided ideals and coideals) in a quantum 
function algebra (resp. in a quantum universal enveloping algebra). The intermedi- 
ate tool is the global version of QDP for quantum groups, developed in [10] . 

The first point to be remarked is that, since we consider global geometrical 
features, we profit of all advantages of such a richer point of view. On the other hand, 
it may happen (already at the classical level) that the usual subgroup-homogeneous 
space correspondence is lost, due to a lack in globally defined algebraic functions. 

Secondly, we elaborate on the notion of (global) quantization of subobjects. We 
consider three versions of it, from the strongest — usually referred to as "fiat" — to 
the weakest one, and we show how the QDP functors behave for each of them. The 
main advantage is the following: while the two strongest notions only apply to sub- 
groups, resp. homogeneous space, which are coisotropic, resp. are Poisson quotients, 
the weakest one applies to any possible subgroup or homogeneous space. This defi- 
nitely extends the range of application of the QDP, well beyond the intrinsic bounds 
one has in [1]: remarkably enough, the outcome still provides quantizations of a 
coisotropic subgroup, or a Poisson quotient, closely related to the initial subobject 
in terms of Poisson duality again. From this point of view our functors will provide 
sort of a Galois' reciprocity, in which coisotropic objects play the role of closed ones. 

In the end, we present a few explicit examples to describe all these features; in 
particular, this shows how explicit computations may be carried out to produce new 
examples of quantum homogeneous spaces (actually, of Poisson quotients). 

Some of the proofs involved in this global QDP are nothing but simple analogues 
of those given in [3]: in such cases we will simply indicate to the reader the relevant 
statements in our previous work. Our main purpose instead will be to stress where 
some different behaviour shows up. 
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2 General Theory 



To collect in the present section some classical material about Poisson geometry for 
groups and homogeneous spaces. Everything is standard, we just need to fix the 
main notions and notations we shall deal with. 

2.1 Subgroups and homogeneous spaces 

Let G be a complex affine algebraic group and let g be its tangent Lie algebra. Let us 
denote by F[G] its algebra of regular functions and by U (g) its universal enveloping 
algebra. Both such algebras are Hopf algebras, and there exists a natural pairing 
of Hopf algebras between them, given by evaluation of differential operators onto 
functions. This pairing is perfect if and only if G is connected, which we will always 
assume in what follows. 

A real form of either G or is given once Hopf *-algebras structure, dual to 
each other, are considered on both F[G] and U{q). Thus by real algebraic group we 
will always mean a complex algebraic group with a suitable *-structure. 

A subgroup K oi G will always be considered as Zariski-closed and algebraic. 
For any such subgroup, the quotient G/K is an algebraic left homogeneous G- 
space, which is quasi-projective as an algebraic variety. Given an algebraic left 
homogeneous G-space M and choosing m e M, the stabilizer subgroup Km will 
be a closed algebraic subgroup of G such that: G f — M . Changing point will 
change the stabilizer within a conjugacy class. 

We would like to describe the subgroup K , or the homogeneous space G/K^ 
through either an algebraic subset of F[G] — to which we will refer as a global 
coding — or an algebraic subset of U (g) — to which we will refer as a local coding. 
The complete picture is the following: 

subgroup K 

(local) letting I = Lic(7^) wc can consider its enveloping algebra which is 
a Hopf subalgebra of U{q). We will let € = C{K) := 

(global) functions which are on K form a Hopf ideal I = I{K) inside F[G] , 
such that F[K] ~ F[G]/l. 

homogeneous space G/K 

(local) let 3 = 3{K) = U{q)- t. This is a left ideal and two-sided coideal in U (g), 
and U{q)/'3 is the set of left-invariant differential operators on G/K. 

(global) functions on the homogeneous space G/K may be identified with K- 
invariant functions on G. We will let C — C{K) — F[G]^] this is a 
subalgebra and left coideal in F[G\ . 

Let us introduce, for any Hopf algebra % the following notations: <^ will stand for 
unital subalgebra, < for two-sided ideal, <i for left ideal and similarly < will stand 
for subcoalgebra, < for two-sided coideal and <i for left coideal. When the same 
symbols will be decorated by a subindex referring to a specific algebraic structure 
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their meaning should be modified accordingly, for example will stand for Hopf 
ideal and for Hopf subalgebra. With such notations, to any subgroup K of G 
there is associated one of the following algebraic objects: 

(a) I <n F[G] (6) C F[G] (c) 3 <i < U{g) [d) € <n U{q) (2.1) 

In the real case, additional requirements involving the * structure and the antipode 
S have to be considered together with f l2.ip : 

(a) r =1 (6) S{C)* = C (c) S{3)* = 3 (d) €* = € (2.2) 

In the connected case algebraic objects of type X , 3 and C in fl2.ip are enough 
to reconstruct either K or G / K : 

K = Spec(F[G]/X) = exp(Prim((2:)) = exp(Prim(a)) 

where Prim(X) denotes the set of primitive elements of a bialgebra X). In contrast, 
C might be not enough to reconstruct K , due to lack of enough global algebraic func- 
tions; this happens, for example,when G / K is projective and therefore C{K) = C . 
Any group K which can be reconstructed from its associated Cis called observable: 
we shall now make this notion more precise. 

Let us call r the map that to any subgroup K associates the algebra of invariant 
functions F[G]^ and let us call cr the map that to any subalgebra of F[G] associates 
its stabilizer cr{A) = [g eG\g- f = f V/G F[G] }. These two maps are obviously 
inclusion-reversing. Furthermore they establish what is also known as a simple 
Galois correspondence, i.e. for any subgroup K and subalgebra A 

{aoT){K)DK, {Toa){A)CA 

so that (r o (7 o r) {K) = K, {ex o t o a) (A) = A. A subgroup K of G such that 
(cr o r) (K) = K is said to be observable: this means exactly that such a subgroup 
can be fully recovered from its algebra of invariant functions t{K). If K is any 
subgroup, then K := (cr o r) (K) is the smallest observable subgroup containg K; 
we will call it the observable hull of K. Remark then that C{K) = C{K) . 

The following fact (together with many properties of observable subgroups), 
which gives a characterization of observable subgroups in purely geometrical terms, 
may be found in [llj: 

Fact: a subgroup i^' of G is observable if and only if G/K is quasi-affine. 

Let us now clarify how to pass from algebraic objects directly associated to 
subgroups to those corresponding to homogeneous spaces. Let if be a Hopf algebra, 
with counit e . For any submodule M ^ H define 

M+ := M n Ker{e) , H"""^'^ ■= [y e H \ {6{y) - y®l)eH®M] (2.3) 

Let C be a (unital) subalgebra and left coideal of H and define '^{C) = H ■ G^. 
Then \E'(C) is a left ideal and two-sided coideal in H. Conversely, let / be a left 
ideal and two-sided coideal in H and define $(/) := H'^°^ . Then $(/) is a unital 
subalgebra and left coideal in H. Also, this pair of maps ($, \i/) defines a simple 
Galois correspondence, that is to say 



4 



(a) \1/ is inclusion-preserving, $ is inclusion-reversing; 

(b) {<^o^){C)DC, (^o$)(/)C/; 

(c) $ o ^1/ o $ = $ , o $ o = . 

(where the third property follows from the previous ones; see |17[ [T8| [T9] for further 
details). 

Let now K he a subgroup of G and let X, C, J, C the corresponding algebraic 
objects as described in (12. ip . We can thus establish the following relations among 
them: 

subgroup vs. homogeneous space: objects directly related to the subgroup (i.e. 
I and €) and objects directly related to the homogeneous space (i.e. C and J) 
are linked by and $ as follows: 

J = ^(£), (E = ^{3), ID^{C), C = ^(X) (2.4) 

In particular, K is observable if and only if X = "^{C) ; on the other hand, we 
have in general \E'(C(i^)) = I{K) . 

orthogonality with respect to the natural pairing between F[G] and U{g) : this is 
expressed by 

X=C^, e = X^, C = 3^, 3CC^. (2.5) 

In particular, K is observable if and only if gerl = ; on the other hand, 
we have in general C{K)-^ = 3{K) . 

Let us also remark that orthogonality intertwines the local and global descrip- 
tion. 



2.2 Poisson subgroups and Poisson quotients 

Let us now assume that G is endowed with a complex Poisson group structure 
corresponding to a Lie bialgebra structure on q , whose Lie cobracket is denoted 
6 : Q — y Q A g . At the Hopf algebra level this means that F [G] is a Poisson-Hopf 
algebra and U (g) a co- Poisson Hopf algebra, in such a way that the duality pairing 
is compatible with these additional structures (see p] for basic definitions). Let us 
recall that the linear dual q* inherits a Lie algebra structure; on the other hand, 
it has a natural Lie coalgebra structure, whose cobracket 6 : q* — > q* A g* is the 
dual map to the Lie bracket of g . Altogether, this makes g* into a Lie bialgebra, 
which said to be dual to g . Therefore, there exist Poisson groups whose tangent Lie 
bialgebra is g* ; we will assume one such connected group is fixed, we will denote it 
with G* and call it the dual Poisson group of G. In the real case the involution in 
F[G] is a Poisson algebra antimorphism and the one in f/(g) is a co-Poisson algebra 
antimorphism. 

A closed subgroup of G is called coisotropic if its defining ideal X{K) is a 
Poisson subalgebra, while it is called a Poisson subgroup if X{K) is a Poisson ideal. 
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the latter condition being equivalent to K "-^ G being a Poisson map. Connected 
coisotropic subgroups can be characterized, at an infinitesimal level, by one of the 
following conditions on € C g : 

(C-i) 6{t) C t A , that is Hs a Lie coideal in q , 
( C-ii) is a Lie subalgebra of Q* , 

while analogous characterizations of Poisson subgroups correspond to t being a Lie 
subcoalgebra or being a Lie ideal. 

The most important features of coisotropic subgroups, in this setting, is the fact 
that G/K naturally inherits a Poisson structure from that of G. A Poisson manifold 
{M um) is a Poisson homogeneous G-space if there exists a smooth, homogeneous 
G-action (p : G x M ^ M which is a Poisson map (w.r. to the product Poisson 
structure on the domain). We will say that {M,um) is a Poisson quotient if it 
verifies one of the following equivalent conditions ([21]): 

(P-i) there exists xq G M whose stabilizer Gx^ is coisotropic in G ; 
(P-ii) there exists Xq G M such that : G ^ M , 0(xo, g) = 4>{x, g) , 

is a Poisson map ; 
(P-iii) there exists xq G M such that ujm{,xq) = . 

It is important to remark here that inside the same conjugacy class of subgroups of 
G there may be subgroups which are Poisson, coisotropic, non coisotropic. There- 
fore, on the same homogeneous space, there maybe many Poisson homogeneous 
structures, some of which are Poisson quotients and some of which are not. 

For a fixed connected subgroup K of a Poisson group G, with Lie algebra t, one 
can consider the following descriptions in terms of the Poisson Hopf algebra F[G] 
or of the co- Poisson Hopf algebra U{q): 

I <v F\G] , C <v F[G] (2.6) 
a<pt/(0), C<pf/(0) (2.7) 

where on first line we have global conditions and on second line local ones. Con- 
versely each one of these conditions imply coisotropy of G with the exception of 
the condition on C, which implies only that the observable hull K is coisotropic. 
Therefore a connected, observable, coisotropic subgroup of G is identified by one of 
the following algebraic objects: 

X<H<vF[G], C<'<i<vF[G] (2.8) 
:i<i<<v U{q) , € <^ <p f/(0) (2.9) 

Thanks to selfduality in the notion of Lie bialgebra, with any Poisson group there 
is associated a natural Poisson dual, which is fundamental in the QDP. If QDP has 
to be extended to coisotropic subgroups a suitable duality at the Poisson level is 
needed. 

Definition 2.1. Let G he a Poisson group and G* a fixed Poisson dual. 
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1. If K is coisotropic in G we call complementary dual of K the unique connected 
subgroup K-^ in G* such that Lie{K^) — f-*- . 

2. If M is a Poisson quotient and M G j Km we call complementary dual of 
M the Poisson G*-quotient := G*/K^ . 

3. For any subgroup H of G we call coisotropic interior of H the unique maximal, 

o 

closed, connected, coisotropic subgroup H of G contained in H . 
Remarks: 

1. The complementary dual of a coisotropic subgroup is, trivially, a coisotropic 
subgroup whose complementary dual is the one we started with. Similarly the 
complementary dual of a Poisson quotient is a Poisson quotient (by definition) 
and taking twice the complementary dual brings back to the original Poisson 
quotient. 

2. The coisotropic interior may be characterized, at an algebraic level, as the 
unique closed subgroup whose Lie algebra is maximal between Lie subalgebras 
of 1^ which are Lie coideals in q. 

Proposition 2.2. Let K be any subgroup of G and let K^-^'^ :— (exp(t-'-)) be the 
closed, connected, subgroup of G* generated by exp{i^) . Then: 

(a) the Lie algebra ^^-"-^ of K^-^^ is the Lie subalgebra of Q* generated by f-*-; 

(b) IB^-*-^ is a Lie coideal of g*, hence K^-^'^ is a coisotropic subgroup of G* ; 

o 

(c) K'^-^'i — {K)-^ ; in particular if Kis coisotropic then X^-*-^ = K-^ ; 

o 

(d) (A'^^^)^-'-^ =K and K is coisotropic if and only if (X^^^)^^^ = K . 

Proof. Part (a) is trivial. As for (b), since t = (t^)'^ is a Lie subalgebra of , we 
have that t-^ is a Lie coideal in g* : therefore, due to the identity 

Kl.^^ yd = y[i]\ ® y[2] + y[i] <H) [x, y[2]\) + E([^[i]> y] ® xi2] + ® [xp], y]) 

[y] [^] 

(where 6{z) — J2[z] -^[i] ® -^p] ^ ^ 9*): the Lie subalgebra (f-*-) of g* generated by 
fi-*- is a Lie coideal too. It follows then by claim (a) that K^-^'^ is coisotropic. Thus 
(b) is proved. 

As for part (c) we have 

\l)<£0* / f)<£fl* f<cS 

o 

(with <£ meaning "Lie subalgebra" and meaning "Lie coideal") where | is 
exactly the maximal Lie subalgebra and Lie coideal of g contained in t . To be 
precise, this last statement follows from the above formula for y]) , since that 
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formula implies that the Lie subalgebra generated by a family of Lie coideals is still 
a Lie coideal. ^ 

Now i= Lie(K) , so Ue{K(^>) = = ((*^^^)^) = ( i Lie(K)^ implies 

K^-^^ — (t)-*- as we wished to prove. If, in addition, K is coisotropic then, obviously, 
X^-*-^ = K . All other statements follow easily. □ 



3 Strict, proper, weak quantizations 

The purpose of this section is to fix some terminology concerning the meaning of 
the word "quantization" and to describe some possible ways of quantizing a homo- 
geneous space. We set the algebraic machinery needed for talking of "quantization" 
and "specialization": these notions must be carefully specified before approaching 
the construction of Drinfeld's functors. Roughly speaking, a quantum group is a 
Hopf algebra Hq depending on a parameter, say q , such that at some special value 
q = qo one gets either Hg^ — F[G\ or Hg^ = U{q) , for some Poisson group G or 
Lie bialgebra g . 

Let q be an indeterminate, C [q, the ring of complex-valued Laurent poly- 
nomials in q , and C(g) the field of complex- valued rational functions in q . Denote 
by T-LA the category of all Hopf algebras over C [q, q~^] which are torsion-free as 
C [q, -modules. 

Given a Hopf C(g')-algebra H in HAf, a subset H C H is called a C[q,q~^]- 
integral form (or simply a C [5, q~^^ -form) if it is a C [q, q~^] -Hopf subalgebra of 
H and Hp := C{q) ®c[g,g-i] H = H . Note then that H is torsion-free as a 
C [g, g^^] -module, hence H G l-LA. 

For any C[g, g'^] -module M, we set Mi := M / {q - l)M = C ®c[g,g-i] M : this 

is a C-module (via C [q, q~^] C [q, q~^] ^ {q — 1) = C), called specialization of M 
at q = I . 

Given two C(g)-modules A and B and a C(g')-bihnear pairing A x B — > F , 
for any C [g, g'~^]-submodule Ay^ C A or By^ C B we set: 

a: := |6e£| (Ax,6>cc[g,g-^]}, (3.1) 

Ayt" := [beB\{A,,,b)C{q-l)C[q,q-']} (3.2) 

In such a setting, we call ^x* the C [q, q^^] -dual of A^ ■ 

We will call quantized universal enveloping algebra (or, in short, QUEA) any 
Ug e T-LA such that Ui := (f/g)i is isomorphic to U{g) for some Lie algebra g, and 
we will call quantized function algebra any Fg G HA such that Fi := {Fg)^ is 
isomorphic to F[G] for some connected algebraic group G and, in addition, 

n(?-ir^. = n{iQ-^)F, + Ker{ejy 



n>Q n>0 



We will add the specification that such quantum algebras are real whenever the 
starting object is a *-Hopf algebra. As a matter of notation, we write 



U, := C{q) ^c[q,q-^ Ug , := C{q) ®c[,,q-i] F, 
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Whenever Ug is a (real) QUEA, its specialization Ui is a (real) co-Poisson Hopf 
algebra so that g is in fact a (real) Lie bialgebra. Similarly, for any (real) QFA 
Fq the specialization Fi is a (real) Poisson-Hopf algebra and therefore G is a (real) 
Poisson group (see [3] for details). 

On occasions it is useful to consider simultaneous quantizations of both the 
universal enveloping algebra and the function algebra, or, in a larger generality, of a 
pair of dual Hopf algebra. Let H,K E HA and assume that there exists a pairing of 
Hopf algebras H x K ^ C[q, q~^]. The same symbol will denote its scalar extension 
to a pairing between with values in C(g). If the pairing is such that 

(a) H = K' , K = H' (notation of ([XI])) w.r.t. the pairing M x K ^ C{q) , for 
EI := C(g) 0c[q,q~^ H , K:= C{q) ®c[q,q-^] K , induced from H x K ^ C(g) ; 

(b) the Hopf pairing Hi x Ki ^ C given by specialization at g = 1 is perfect. 

Then these requirements will imply that the initial pairing is perfect too and we 
will say that H and K are dual to each other. In the case in which H = Uq{g) 
is a QUEA and K = Fq[G] is a QFA, if the specialized pairing at 1 is the natural 
pairing between U{g) and F[G] we will say that the pair {Uq{g) , Fq[G]) is a double 
quantization of {G, g) . 

Let us now move to the case in which G is a Poisson group and K a subgroup. 
We want to define a reasonable quantization of K and of the corresponding homoge- 
neous space G I K . There is a standard way to implement this, with the additional 
requirement that is a coisotropic subgroup of G . 

Definition 3.1. Let Fq[G\ and Uq{g) be a QFA and a QUEA for G and g and let 

TT^,: Fq[G]~.Fq[G]/{q-l)Fq[G] - F[G] 
vrc/,: Uq{g) f/,(0)/(g -1) f/,(0) - U{g) 

be the specialization maps. Let X, C, 3 and € be the algebraic objects associated 
with the subgroup K of G (see \2.1\) . We call ''strict quantization" (and sometimes 
we shall drop the adjective "strict") of each of them any object Xq , Cq , 3q or <tq 
respectively, such that 

(a) Xq<e<Fq[G] , 

(b) Cq<'<,Fq[G] , 

(c) 3q <e < Uq{g) , 

(d) (tq<'<eUq{g) , 

To explain this definition let us start by considering the first two conditions in 
each line of (13.31) . 

a) A left ideal and two-sided coideal in a QFA quantizes the Hopf ideal of func- 
tions which are zero on a subgroup; 

b) a left coideal subalgebra in a QFA quantizes the algebra of invariant functions 
on a homogeneous space; 



T^F.iTq) 


= X , 


T^F.iTq 


T^F,{Cq) 


= c , 


'^F,{Cq 


T^Upq) 


= 3f , 


'^U, i3q 


T^U,{^q) 


= ^ , 


^U,{<^q, 



Cq/iq-l)Cq 
3q/iq-l)3q 
^q/iq-^)^q 
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c) a left ideal and two-sided coideal in a QUEA quantizes the infinitesimal algebra 
on a homogeneous space; 

d) a left coideal subalgebra in a QUEA quantizes the universal enveloping subal- 
gebra of a subgroup. 

It has to be noted here that Cq , for reasons explained in Proposition \2A\ has to be 
seen as a quantization of the observable hull K rather than of K itself: this follows 
from a classical feature, because from C we can only reconstruct K, not K. 

Let us now be more precise about the last condition in the previous definition. 
By asking X^/ (g — 1)X^ = np^iZg) = I we mean the following: the specialization 
map sends Xg inside F[G]. This map factors through Xg/ (g — l)Xg ; in addition, we 
require that the induced map X^/ (g — l)Xq — )■ F[G] be a bijection on X . Of course 
this bijection will respect the whole Hopf structure, since np^ does. Now, since 

np^ilg) =X,/(X,n(g-l)FjG]) 

we also have that this property may be equivalently rephrased by saying that Xg n 
(g — l)Fg[G'] = (g — l)Xg. The previous discussions may be repeted unaltered for 
all four algebraic objects under consideration. An equivalent definition of strict 
quantizations is therefore the following: 



(a) Xg < Fg[G] , T^F^iXg) = X , X, H ( g " l)Fg[G] = (g - 1) X, 

(&) Cg <i Fg[G] , TiF^{Cg) = C , H ( g " l)Fg[G] = (g - 1) Cg 

(c) 3g<,< Ug{Q) , 7rc/,pg) = J , a, n (g - i)t/,(0) = (g-i)a, 

{d) €g <i <,[/g(0) , nu^{€g) = ^ , n (g - l)f/,(0) = (g - 1) €g 



(3.4) 



The purpose of the last condition — which is often mentioned by saying that <tg 
is a Hat quantization (typically, in the literature on deformation quantization) — 
should be clear: indeed, removing it means losing any control on what is contained, 
in quantization, inside the kernel of the specialization map. 

Although the just mentioned notion of quantization appears to be, in many 
respect, the "correct" one, another notion of quantization naturally appears when 
one has to deal with quantum duality principle. 

Definition 3.2. Let Fg[G] and Ug{Q) be a QFA and a QUEA for G and q and let 

TTp^: Fg[G]^Fg[G]/{q-l)Fg[G] - F[G] 
^u,:UgiQ)^UgiQ)/iq-l)Ug{g) = f/(g) 

be the specialization maps. Let V := A — A°p. Let X, C, 3 and €. be the algebraic 
objects associated with the subgroup KofG (see \2.1\) . We call ''proper quantization" 
of each of them any object Xg , Cg , Jg or (tg respectively, such that 



(a) Xg <e < Fg[G] , 7TF^{Xg) = X , [X,,X,] C (g- 1)X, 

(b) Cg <i <eFg[G] , np^iCg) = C , [Cg,C,] ^ (g - 1) Q 

(c) 3g<,< Ug{Q) , nu,{J,) = J , V{Jg) C {q-l)Ug{g)A3g 

(d) (tg<'<eUg{Q) , nU^{€g) = t , V{^g) C ( g - 1 ) [/, ( ) A CT, 



(3.5) 
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The hnk between these two notions of quantization is the following: 

Lemma 3.3. Any strict quantization is a proper quantization. 

Proof. This is an easy consequence of definitions. Indeed, let i^' be a subgroup of 
G . If Xg := is any strict quantization of Z{K), we have 

X,n(g-1)F, = (g-l)X, 

by assumption, and moreover ^Fg , Fg] C (q — 1) Fg . Then 

[X,,X,] CIgn[Fg,Fg] C X,n(g-1)F, = (g-l)Xg 

thus \Xg ,Xg] C (g — l)Xg , i.e. Zg is proper. A similar argument works for quantiza- 
tions of type Cg{K) . Also, if 3q{K) is any strict quantization of ^IK) , then we have 
3ff, n (g — 1) Ug = {q — 1) 3q by assumption, and moreover V{Ug) C (g — 1) U^'^ . 
Then 

V{3g) C {UgA3g)nV{Ug) C [Ug A 3 g) H {q ~ l) U ^''^ C ( g - 1 ) ^7, A J, 
so that 3g is proper. A similar argument works for quantizations of type €g{K) . □ 

Remark 3.4. The converse to Lemma \3. 3\ here above is false. 

Indeed, there exist quantizations (of subgroups / homogeneous spaces) which are 
proper but not strict: we present an explicit example — of type Cg — in Subsection 
16.31 later on. 

The following statement clarifies why such definitions are reasonable in the re- 
stricted case of coisotropic subgroups (this result can be traced back to ^6\, where 
it is mentioned as coisotropic creed). 

Proposition 3.5. Let K be a subgroup of G and assume a proper quantization of it 
exists. Then K is coisotropic or, in case the quantization is Cg , its observable hull 
K is coisotropic. 

Proof. Assume Xg exists. Let f,g G X, and let (^9,7 G Xg with T^Fq{,'{') = f , 
^Fgil) = g- Then by definition {f,g} = 7TF,{{q - l)~^[(/?,7]) • But 

[¥P,7]e [Ig,lg] C(g-l)Xg 

by assumption, hence (g - 1)-^[lp,'j] G Xg , thus {f,g} = TCp^dq - l)~^[v9,7]) G 
TiPqiXg) = X, which means that X is closed for the Poisson bracket. Thus (see 
(2.6)) K is coisotropic. 

Similar arguments work when dealing with Cg , 3g or €g . We shall only re- 
mark that working with Cg we end up with C(-ft') = C{K) <-p F[G] , whence K is 
coisotropic. □ 

Since we would like to show also what happens in the non coisotropic case, we 
will consider, also, the weakest possible — naive — version of quantization. 
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Definition 3.6. Let Fq[G] and Uq{Q) be a QFA and a QUEA for G and g and let 
TT^,: Fq[G]^Fq[G]/{q-l)Fq[G] - F[G] 

be the specialization maps. Let X, C, 3 and C be the algebraic objects associated with 
the subgroup K of G (see \2.1\) . We call "weak quantization" of each of them any 
object Xq , Cq , 3q or (tq respectively, such that 

(a) Xq<e<Fq[G] , 
{b) Cq<'<eFq[G] , 

(C) 3q <i < UqiQ) , 

(d) ^q<'<tUq{Q) , 

It is obvious that strict or proper quantizations are weak. Let us remark that 
every subgroup of G is quantizable in the weak sense, since we may just consider 
e.g. Xq := 7ip^(X) to be a quantization of X. As naif as it may seem, this remark 
will play a role in what follows. 

Let us lastly remark how the real case should be treated. 

Definition 3.7. Let (Fq[G],*) and (f/q(g),*) be a real QFA and a real QUEA for 
G and q . Let Xq , Cq , 3q and (tq be subgroup quantizations ( either strict, proper or 
weak). Then such quantizations are called real if 

iSiXq)y=Xq, C;=Cq, {S{3q)r = 3q, = €q (3.7) 



T^F^i'Fq) 
T^F,{Cq) 



X 

c 

3 



(3.6) 



4 Quantum duality principle 

Drinfeld's quantum duality principle (cf. [6J, §7; see also [8J for a proof) has a stronger 
version (see |T0]) best suited for our quantum groups (in the sense of Section |3l 
Let H be any Hopf algebra in TiA and let 

I := Ker (^H ^ C[q, q-^] '-^ c) = Ker (^H "-^ H / {q - 1) H ^ (4.1) 

Then J is a Hopf ideal of H. We define 

:= E„>o (9 - 1)-"/" = U„>o Hi - ( ^ C(g) ®c[,..-] h) (4.2) 

Notice that, setting J := Ker (^H — » C [q, q^^~\ j , one has / = (g — 1) ■ 1^ + ^ , so 
that 

= E„>o ii - ^r^'J'' = En>o Hi - ^VjT (4-3) 

Consider, now, for every n G N the iterated coproduct A" : H H^"^ where 
A°:=e A^:=idH A" := (A ® id®^"~^^) o A"-^ i/ n > 2 . 
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For any ordered subset S = {ii, . . . ,ik} C {1, . . . , with ii < ■ ■ ■ < , define 
the morphism js : H'^^ — )■ if®" by 

■ / \ 7 7 1 f bi := 1 if i ^ T, 

jE(ai ® ■ ■ ■ ® Ofc) := Oi (g) ■ ■ ■ (g) 6„ where < , _ -f t ^ ^ i. 

[ ''im • — II i ^ ?Tl ^ ft 

then set As := js o A^ := A° , and 6^ := Es'cs (-1)""'^'' As' , ^0 := e . By 
the inclusion-exclusion principle, the inverse formula Ag = ^^^s holds. We shall 
use notation 5o := ^0 , (5n := ^{i,2,...,n} , and the key identity 6n = (idn — e)*^" o A" , 
for all n G N+ . Given H ^ Ti, we define 

H':={aeH\Snia)E{q-irH^'',yneN} {c H) . (4.4) 

Theorem 4.1 (Global Quantum Duality Principle), (cf. /i 0/ j For any if G "H^ 

one has: 

(a) H"^ is a QUE A and H' is a QFA. Moreover the following inclusions hold: 

H C [H^y , H D {H'Y , H''={{H''yy , H'= {{H'Y)' (4.5) 

(b) H = (ii^)' ^ H IS a QFA, and H = ^ H is a QUEA; 
(a) If G is a Poisson group with Lie bialgebra q, then 

F,[GY/{<1 - m[GY = U{g*) f/,(g)7(g - l)UM' = F[G*] 

where G* is some connected Poisson group dual to G; 

(d) Let Fq[G\ and Ug{Q) be dual to each other w.r. to some perfect Hopf pairing. 
Then FglGf^ and Uq{g)' are dual to each other w.r. to the same pairing. 

A number of remarks are due, at this point: 

1. The Poisson group G* dual to G appearing in (c) of Theorem 14 . II does depend 
on Ug{Q) which is given as a data. Different choices of Ug{g), though associated 
to the same Lie bialgebra q may give rise to a different connected Poisson dual 
group G*. 

2. For all Hopf C(g)-algebra EI the existence of a C [g, -integral form Hj 
which is a QUEA at g = 1 is equivalent to the existence of a C[g, -integer 
form Hu which is a QFA at g = 1 . 

3. All claims above have obvious analogues in the real case. 

4. If ii is a Hopf algebra and $ C N is a finite subset, then ([H], Lemma 3.2) 

S^{ab) = Yl SA{a)6^{b) ya,b e H (4.6) 
Auy=4> 

furthermore, if $ 7^ we have 

6^{ab-ba) = ^ ((5A(a) 5y(6) - (5y(6) 5A(a)) ya,b e H (4.7) 
Auy=<i> 

The above formulas will be used frequently in what follows 
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Having clarified the exact statement of quantum duality principle that we have 
in mind, let us extend it to objects of subgroup type as in Definition 13.6^ i.e. to left 
coideal subalgebras and to left ideals and two-sided coideals — either in Fq[G\ or in 
[/g(g) . This was already done in ^ where we only considered local (i.e. over C[[/;,]]) 
quantizations. Let us remark that the quantum duality principle we have in mind 
not only exchanges the role of algebras of functions with that of universal enveloping 
algebras, but also exchanges the role of subgroups with that of homogeneous spaces. 
At the semiclassical level, the pair of dual objects is given by a coisotropic subgroup 
H and a Poisson quotient G*big/H^ . When if is a Poisson subgroup, its orthogonal 
turns out to be normal in G* and G*^H^ = H* as a Poisson group, thus 
recovering the usual quantum duality principle. In particular, we will consider a 
process moving along the following draft: 

(a) I {CF[G]) A X, (CFJG]) A 1/ (CFJG]^) ^ 1,^ (cf/(r)) 

(b) C{CF[G]) ^ C,{CF,[G]) A C/(CFJG]^) ^ Ci^ (Cf/(r)) 

(c) 3{cU{g)) ^ 3, {CUM) ^ ^H^UM') ^ 

(d) C{CU{Q)) ^ (cf/,(0)) A C:{CUM') ^ ^H^G*]) 

where arrows (1) are quantizations, arrows (3) are specializations at g = 1 and the 
definition of arrows (2) will be the core of what follows. It will turn out that: 

1. each one of the right-hand-side objects above is one of the four algebraic objects 
which describe a closed connected subgroup of G* : namely, the correspondence 
is 

(a) =^ (c) , (b) =^ (d) , (c) =^ (a) , (d) =^ (b) . 

2. the four quantizations of subgroups of G* so obtained are always proper — 
hence the subgroups of G* associated to them are coisotropic. 

3. if we begin with strict quantizations, and we start from a subgroup K, then 
the quantization of the unique coisotropic closed connected subgroup of G* 
mentioned above is strict as well, and the subgroup itself is K-^ (cf. Definition 
12. ip . with some care in case (b), i.e. if we start from C{K). This will partially 
generalize to weak quantizations, for which, starting from a subgroup K of 
G, the unique coisotropic closed connected subgroup of G* obtained above is 
K^-^'^ (cf. Proposition 



Let us fix, in what follows, quantizations Ug^Q) and Fq[G] as in Section [31 Unless 
explicitely mentioned we will not assume that this is a double quantization. To 
simplify notations, let us set 

U, := U,(0) , U, := UM , U,' := U^' 
¥, := FJG] , F, := F,[G] , := FJG]^ 

As mentioned in the first remark after Theorem 14.11 this implies that a specific 
connected Poisson dual G* of G is selected (it depends on the choice of Uq := Uq^g) , 
not only on g itself). Let us consider quantum subgroups Xg , Cq , 3q and Cq as 
defined in 13.61 
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Definition 4.2. Using notations as in ( [^.ip we define: 



(a) Xg 

(b) 
(c) 

(d) < 



n=l 



n=l 



E (g - 1)-" ■ (C, n J^J" = E (g - i)"'^ ■ (C. n J^J" 

n=0 

5n(x) e (g - 1)" E:=i J, ® f/,®("-^) V n e N+} 



n=0 
X G J 



a; G Co 



Let us remark that the following inclusions hold directly by definitions: 



ill) Q D , (mz) c a, , {iv) c . (4. 



5 Duality maps 

In the present section we will prove properties of the four Drinfeld-type maps defined 
in the previous section, namely the maps Iq i— )• Xq , Cq i— )■ Cq , '2q h- )■ and 
(Lq ^q . Let US recall that such maps do not change, as we will see, the algebraic 
properties of subobjects, but interchanges quantized function algebra with quantum 
enveloping algebra and therefore quantizations of coisotropic subgroups will be sent 
to quantizations of (embedebbable) homogeneous spaces — of the dual quantum 
group — and viceversa. 

Let us start by considering the map Xq i— )■ Xq'^ . 

Proposition 5.1. Let Xq = Xq{K) be a left coideal and two-sided coideal in Fq[G] , 
that is a weak quantization ( of type X ) of some subgroup K of G . Then 

1. Xq is a left ideal and two-sided coideal in ^^[G']'^; 

2. if Xq is strict, then Xq is strict too, i.e. Xq [\ {q — 1) Fq[G]^ = ~ 1)2^/ / 

3. there exists a coisotropic subgroup L of G* such thatXq(Ky = '3q{L) : namely, 
Xq{K) is a proper quantization, of type 3, of some coisotropic subgroup L of 
G* ; 

4. in the real case, i.e. if the quantization Xq is a real one, Xq is real too, 
i.e. [SiX-qy^ = Xq . Therefore claims (1-3) still hold in the framework of 
real quantum subgroups. 

Proof. (1) Consider that Xq is the left ideal of Fq generated by (g — 1)^^ Xq ; 
therefore, in order to prove Xq^<Fq it is enough to show that A((g— l)^^Xq) C 
Fq ® Xq + Xq ® Fq . Slucc Xq Is a coldeal of Fq , we have 

A((g-1)-'X,) C Fq®{q-l)-^Xq + {q-l)-^Xq®Fq C F^®X; +Xq'<^F^ (5.1) 
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whence < Fq follows, and the first claim is proved. 

(2) Assume Xq to be a strict quantization, so that (g — 1) Fq = (g — 1) Zq . 
Let J := Ker (e : Fq — ^ C [g, g-^] ) . Then 

J mod (g-l)Fg = K"er(e)|^j^j = trie 

and xxie^ xxie = 0*, the cotangent Lie bialgebra of G . Let {yi, . . . , ?/„} be a subset of 

rrie whose image in the local ring of G at the identity e is a local system of parameters, 
and pull it back to a subset {ji, . . . , j„} of J. Let Fq be the J-adic completion of Fq. 
From {lOj, Lemma 4.1, we know that the set of ordered monomials |j- | e G N"} 

(where hereafter j- := Yl^^iji^^^ , for all e G N") is a C [g, g~-'^]-pseudobasis of 
Fq , which means that each element of Fq has a unique expansion as a formal infinite 
linear combination of the j-s. In a similar way, the (g — l)-adic completion of 
admits {(g — l)~'-'j- | e G N"} as a C [g, g~"^]-pseudobasis, where |e| := ^"=ie(z). 

For our purposes we need a special choice of the set {ji, . . . , j„} adapted to the 
smooth subvariety K of G. By general theory we can choose {yi, . . . , ?/„} so that 
2/1, . . . , yk G iTie and yfc+i, ■ ■ ■ ,yn G X(_ft') , where k = dim{K) . We can also 
choose the lift {ji, . . . , jn} of . . . ,?/„} inside J so that js is a lift of y^, for all 
s = 1, . . . , A; , and jfc+i, ■ ■ ■ ,jn G Xg . With these assumptions, it's easy to see that 

VPGX/n(?-i)i^/ ^ - i)> e ( J"-^ ■ X,) n (g - 1) 

for some n G N, which in turn yields (g — l)"<y^ G J"^^ ■ (Xg (g — 1) j) . Since 

x,n(9-i)^ ^ x,n(g-i)i^, = (g-i)x, 

we conclude that (g — l)"(/3 G (g — 1) J"^^ ■ Zq , whence G (g — l)Xg'^ . The 
converse inclusion Zq^ f]{q — I) Fq^ ^ (g — 1)X/ is obvious, hence claim (2) is 
proved. 

(3) It is an obvious statement that Zq^ is a weak quantization of its im- 
age Tipy{Zq^: in particular, 7Tpv(Zq^) <£ < vrp^v^Fg^) = U(^g*) implies that 
7Cp^^(Zq^) = 3{L) for some subgroup L of G*. Thus X^"^ is a weak quantization, 
to be called '3q{L), of 3f(i^) , and it is even strict if Zq itself is strict, as we've just 
seen. Now we show that such quantization '3q{L) turns out to be always proper. 

In fact, 1^ implies V((g - l)"^Xg) C (g - 1)"^ {Fq AZq) . On the other hand 
FgAZg C J AZq C (g - if A X/, thus, finally, V(X/) G (g - 1) A X/, 
which means that X^"^ is proper and (3) holds. 

(4) This is an obvious consequence of definitions. □ 

Remark 5.2. In functorial language we may say that the map Zq i— )■ Zq^ establishes 
a functor between quantizations of coisotropic subgroups of G and quantizations of 
(embeddable) homogeneous spaces of G*, moving from a global to a local descrip- 
tion, sending each type of quantization in a proper one and preserving strictness. 
Indeed, we should make precise what are the "arrows" in our categories of "quantum 
subgroups" or "quantum homogeneous spaces" , and how the functor acts on these: 
we leave these details to the interested reader. 
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Let us move on to properties of the map Cq i— ?■ Cg . 
Proposition 5.3. Let Cg = Cg{K) he a left coideal subalgebra in Fg[G]. Then 

1. Cg is a left coideal subalgebra in Fq[G]'^ ; 

2. if Cg is strict, then Cg is strict too, i.e. Cg f]{q — 1) Fg[G]^ = {q — 1) Cg . 

3. there exists a coisotropic subgroup L of G* such that Cg{Kf = 'tg{L) : namely, 
Cg{K) is a proper quantization, of type € , of some coisotropic subgroup L of 
G* ; 

4. in the real case, i.e. if the quantization Cg is a real one, Cg{KY is real too, 
i.e. [Cg) = Cg . Therefore claims (1-3) still hold in the framework of real 
quantum subgroups. 

Proof. The proof uses essentially the same arguments as the previous one. 

(1) By the very definitions Cg Fg := FglGf^ . More precisely, Cg is (by 
construction) the unital C[q, -subalgebra of Fg^ generated by (g — 1)^^ {Cg)^ , 
where (C,)+ ■.= Cgf] J. So to get C^<^F^ we must only prove A((g-l)"^(Cg)+) C 
F^(S>C^ . But Cg<tFg, so: 

A((g-1)-^(C,)+) C Fg®{q-l)-\Cg)^ C F.^^C/ (5.2) 

therefore Cg <eF^, and claim (1) is proved. 

(2) Now suppose Cg to be a strict quantization, i.e. Cg f] (q — l) Fg = (q — l) Cg . 
We need an explicit description of F^ and of Cg . This goes along the same lines 
followed to describe Xg^ in the proof of Proposition 4.2: but now the choice of the 
subset {ji, . . . ,jn} of J is different. 

First, since C{K) = C[K) we can assume that K = K , i.e. K is observable. 
Then we can choose {ji, . . . , j„} so that jk+i, ■ ■ ■ , jn ^ J f] — ^q^ (where again 
k = dim (K) ) and, letting yg := jg mod (g— 1) Fg , the set . . . , yields a local 
system of parameters at e G G (in the localized ring), as before; now in addition we 
have yk+i, • • • , 2/n £ trie fl ^(-^) =• ^(-^)^ • With these assumptions, the (g — 1)- 
adic completion of Fg admits {(g — l)~'-'j- | e G N"} as a C[g, g~^]-pseudobasis, 
like before, but in addition the same analysis can be done for the (g — l)-adic 
completion of Cg (just because Cg is strict), which then has C [g, g~^]-pseudobasis 
{ Yn=k+ijs^ I i^k+i, • • • , e„) G N"~^} . From these description of the completions, 
and comparing the former with Ff^ and Cg , we easily see that Cg f]{q — 1) Fg^ C 
(g — 1) Cq"^ . The converse is trivial, hence claim (1) is proved. 

(3) It follows directly from (1) that Cg is a weak quantization of its im- 
age Ttpw(Cq): in particular, Ttp^iCg) <} <i Ttp^i^Fg^^ = U{q*) means that 
TTpy {Cq^ = C{L) for some subgroup L of G*. Thus Cg is a weak quantization — to 
be called Cg{L) — of ^{L), and it is even strict if Cg itself is strict, by claim (1). Now 
in addition we show that, in any case, such a quantization Cg{L) is always proper. 

From (15. 2p we have 

V((g-1)-^(C,)+) C (g-l)-VA(C,)+C (g-l)-^+2F/AC; = (g-l)F/AC7 
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which imphes exactly that Cq — which by definition is the unital subalgebra gen- 
erated by (g — iCq)^ — is proper. 

(4) This follows directly from definitions and from Cq = Cq, which holds by 
assumption. □ 



Remark 5.4. In functorial language we may say that the map Cq i— )• Cq establishes a 
functor between quantized homogeneous spaces of G and quantizations of coisotropic 
subgroups of G*, moving from a global to a local description, sending each type of 
quantization in a proper one and preserving strictness. Again, to be precise, several 
details need to be fixed, and are left to the reader. 

The third step copes with the map 3q i— i- 3q . 

Proposition 5.5. Let 3q = 3q{K) be a left ideal and two-sided coideal in Uq{Q) , 
weak quantization (of type 3) of some coisotropic subgroup K of G . Then: 

1. 3q is a left ideal and two-sided coideal in Uq^Q)' ; 

2. if 3q is strict, then 3q is strict too, i.e. 3q f]{q — 1) f/g(g)' = {q — 1) 3q ; 

3. there exists a coisotropic subgroup L in G* such that 3q{K)' = Xq{L) : namely, 
3q{K)' is a proper quantization, of type X , of some coisotropic subgroup L of 
G*; 

4. in the real case, i.e. if the quantization 3q is a real one, 3q is real too, 
i.e. (S'(jg)) = 3q. Therefore claims (1-3) still hold in the framework of 
real quantum subgroups. 

Proof. (1) Let a G Uq and b G 3q : by definition of 3q, from 3q <£ Uq and from 

we get 

n 
s=l 

so ah G 3q , thus 3q <£ Uq . 

As to the coideal property, it is proven resorting to (g — l)-adic completions, 
arguing as in the proof of Proposition 3.5 in and basing on the fact that 3q< Uq . 
Details are left to the reader. 

(2) Assume now 3q to be strict. The inclusion 

is trivially true, and we must prove the converse. Let rj E 3q f]{q — 1) f/g(0)' . We 
have 

5niv) e (q-ir [{j::=iUq^^'''^ ®3q0Uq^(--^^)r]iQ-^)u,^'') 
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for all n G N+ . But then our assumption gives 

s=l ^ ^ s=l 

which, in turn, means ?7 € (g — 1) 3q . Thus (g — 1) Uq{g)' C (g — 1) , as 

expected. 

(3) Claim (1) implies that 3q is a weak quantization of its image, therefore there 
exists a subgroup L of G* such that vrjy ' (jg ) = X(L) . This quantization is even 
strict if 3g itself is strict, by the previous. Now we show that this quantization Ig{L) 
is always proper — hence the subgroup L is coisotropic, by Lemma 1331 

Recall that, by definition, Xg(L) is proper if and only if [x, G (g — 1) 3q for all 
x,y G 3q . From definitions we have 

[x,y] e (g-l)aj ^ S„dx,y]) G (g-ir+' E:=i f^.®^'^'^ ^^^.^f^.""^""'^ VnGN 
Then by formula (14. 7p we have (for all n G N) 

Sn{[x,y]) = EAuy={i,...,n}(^A(a;)^y(2/) - '^y(y)^A(a;)) (5.3) 

while (with notation of §4) 

5a(x) G (g - 1)1^1 ■ jA (eI^Ji Uq^^^~'^ ^3q® t/^^(|A|-)) , 

5yiy) G (g - 1)1^1 ■ jy (Ell'i Uq^^^-'^ ^3g^ t/.^d^l-)) ; 

since AUY = {l,...,n} and A fl F 7^ we have |A| + |y | > n + 1; moreover, for 
each index z G {1, . . . , ra} we have z G A (and otherwise Im (ja) has 1 in the i-th 
spot) or z G F (with the like remark on /m(jy) if not). As 3q is a left ideal of Uq, 
we conclude 

^a(x) ■ 6Y{y) , Sriy) ■ S^{x) G (g - if^-"^""^ Er=i f^.®^'"'^ ® 3. ® f^.®^""'^ 

C (g - i)"+i ^^^^ f/^«(-i) ® ?7,®("-^) 

so that ([53D gives y]) G (g-l)"+^ E"=i f^g^^'"^^ ® J, ® as expected. 

(4) In the real case, (S'(Dfg'))*= follows at once from definitions and from 

{S{3q)y=3q. □ 

Remark 5.6. In functorial language we may say that the map 3q 1— ?■ 3q establishes a 
functor between quantized homogeneous spaces of G and quantizations of coisotropic 
subgroups of G*, moving from a local to a global description, sending each type of 
quantization in a proper one and preserving strictness. Once more, details are left 
to the interested reader. 

The fourth and last step is devoted to the map (Eq H- (Eq . 
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Proposition 5.7. Let (tg = Cq{K) be a suhalgehra and left coideal in Ug^Q) , weak 
quantization (of type (t) of some subgroup K of G . Then: 

1. (Eg is a suhalgehra and left coideal in Ug{Q)' ; 

2. if ^g is strict, then Jg is strict too, i.e. €g f]{q — 1) Uq{g)' = {q — 1) (Eg ; 

3. there exists a coisotropic suhgoup L in G* such that (tg(Kf= Cg{L) : namely, 
^g{K) is a proper quantization, of type C , of some coisotropic suhgroup L of 
G* ; 

4. in the real case, i.e. if the quantization Cg is a real one, ^g{K) is real too, 
i.e. {^q)* = ■ Therefore claims (1-3) still hold in the framework of real 
quantum subgroups. 

Proof. The whole proof is very similar to that of Proposition 15.51 

(1) By definitions, 1 G and 5„(1) = for all n G N, so 1 G €g. Let x,y e €q 
and n G N; by (14.61) we have Sn{xy) = ^Auy={i n}^^i^) ^yiv) ■ Each of the 
factors 6a{x) belongs to a module (q — 1)'^' f/g®'-'^'^"'^^ (g) X where the last tensor 
factor is either X = (tg (if n G A ) or X = {1} C £q (if n A ), and similarly for 
Syiy)', in addition AUY = {1, . . . ,n} implies |A| + \Y\ > n , and summing up 
Sn{xy) G {q — l)"'Ug'^^"'~^^ ^ €g , whence G ^g. Thus (Eg is a subalgebra of Ug. 

In order to prove that (Tg is a left coideal in Ug, one can again resort to (g — 1)- 
adic completions, with exactly the same arguments as in the proof of Proposition 
3.5 in [4j, starting from the fact that €g <£ Ug. Details are left to the reader. 

(2) Assume, now, that (tg is a strict quantization, i.e. ftgf]{q — 1) Fg = (g — 
1) (tg. Then clearly €g f] (g — 1) Ug{Q)' 3 (g — 1) €q , and we must prove the converse 
inclusion. Let k ^ (Eg f]{q — 1) Ug{g)' . Then: 

5M G iq~ir[{Ug^^-'^®€g)niq-l)Ug''-) = 

= {q-ir{Ug^^--'^®{€gr]iq-l)Ug)) = (g - 1)"+^ ■ f/,«("-i) ® 

which means k G (g- 1) (t^ . Therefore D 1) Ugig)' C (g- 1) as claimed. 

(3) The above algebraic properties show that €q is a weak quantization of 
its image 7r[7^'((£:g*' ); thus there exists a coisotropic subgroup L of G* such that: 
7r^^'(Cq ) = C{L). Thus 3q is a weak quantization — to be called Xg(L) — of X(L) , 
and it is even strict if 3q itself is strict, by the previous. Now we show first that 
this quantization Xg(L) is always proper — hence the subgroup L is coisotropic, by 
Lemma 13.51 

Proving that Iq{L) is proper amounts to show that [x,y] G (g — 1) ^q for all 
x,y G dq. By definition we have 

G (g-l)c:; ^ G (g-l)"+^t/,^("-i)®c:, VnGN 

and formula (14. 7p gives, for all n G N, 

Sn{[x,y]) = Y.AuY={i,...,n}{SA{x) Syiy) - Syiy) Sa{x)) (5.4) 
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while 

5a(x) g (g-l)l^ljA(f/,®(l^l-i)®C,) , 6y{y) e (g- 1)'"'' jy (f/,®(l^l"^) ® C,) . 

Now, A U F = {1, . . . , n} and A n F 7^ give |A| + |F| > n + 1, and since €q is a 
subalgebra of Uq we get 

so that f l5.4p yields 

thus [x, G (g — 1) . 

f^j In the real case (Cq)* = '■ this and the very definitions imply the claim. 

□ 

Remark 5.8. In functorial language we may say that the map (Tg k-)- establishes 
a functor between quantization of coisotropic subgroups of G and quantizations of 
Poisson homogeneoeous spaces of G*, moving from a local to a global description, 
sending each type of quantization in a proper one and preserving strictness. We 
leave to the interested reader all details which still need to be fixed. 

We now move to connectedness properties of the coisotropic subgroup L identified 
in Propositions 15.51 and 15.71 

Proposition 5.9. 

1. Let 3q{K) be a strict quantization (of type 3) of a (coisotropic) subgroup K 
in G . Then the subgroup L of G* such that 3q{K)' = Xq{L) is connected. 

2. Let ^q{K) be a strict quantization of type ft of a (coisotropic) subgroup K of 
G . Then the subgroup L of G* such that (tq{K)' = Cq{L) is connected. 

Proof. (1) Saying that the (closed) subgroup L is connected is equivalent to saying 
that its function algebra F[L\ = F\G*~\^X{L) has no non-trivial idempotents. 
Note that, since F[G**] is the specialization of Uq at g = 1 and X(L) is the similar 
specialization of 3q , the quotient F[L] = F^G*~\ j T,{V) is canonically isomorphic to 

the specialization at g = 1 of Uqj 3g . Let a be an idempotent in F[L]: if we take 

any lift of it in Uq^ 3q , i.e. any a G Uq^ 3q such that a = a mod (g — 1) Uq^ 3q . 
We must prove: 

= a mod {q-l)Uq/ 3q =^ a mod (g-1) t/^/ G {O, l} (5.5) 

We can clearly reduce to the case when e(a) = 0: in fact, if = a then e(a) is 
necessarily or 1 (for it is unipotent too), and in the latter case we then find that 
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ao := 1 — a is idempotent and e(ao) = 0. Also the lift a E Vqj 3q can be chosen, 
in this case, such that: e(a) = 0. To simplify notation, we set H := Uq^ 3q and 

if' := Uq^ 3q. We shall prove that, if a G H\ e(a) = and = a mod (q — l) H\ 

then a = mod {q — 1) H\ i.e. a G (q' — 1) ; in fact, this will give fl5.5p . 

Having assumed that 3q to be strict, if' identifies with a C [g, g~^]-submodule of 
H given in terms of the coalgebra structure of the latter: the embedding is the one 
canonically induced by the maps Uq = — > Uq — » Uq^ 3q. In fact, the kernel of the 

latter map is Uq f] 3q (by strictness assumption). It is easy to see from definitions 
that Uq f] 3q = 3q. Thus if' does embed into H: 



W=!^7]eH 5„,(r/) G (g-l)"ii®", Vn G N I . 



(5.6) 



Now, = a mod (g — l)ii' means a = + (g — l)c for some c G ii'; since 
e(a) = 0, we have e(c) = as well. Applying (5„ to the identity a = + (g— 1) c and 
using formula f l4.6p we get 

Sn{a) = 6n{a^) + (g-l)5n(c) = 5A(a) 5y(a) + (g - 1) 5„(c) 

Auy={l,...,n} 

for all n G N, which — noting that 5o(a) := e(a) = yields: 

Sn{a) = E 5A(a)(5y(a) + (g-l)5„(c) (5.7) 

Auy={l,...,n} 

Since c E H\ the last summand (g — 1) 5n(c) in right-hand side of fl5.7p belongs to 
(g-l)"+i ii®", thanks to ([5l])- Similarly, since a e H' we have 5fc(a) G (g-l)'= ii®'= for 
all A; G N, by (15. 6 P again: therefore each summand 6\{a) 5y(a) in right-hand side of 
dEZD belongs to (g-l)"+i ii®" as well. But then ([EZD yields 5„(a) G (g - l)"+^ii^" 
for all n G N, which, again by (15. 6p . means exactly that a G (g — 1) H\ This ends 
the proof of the first claim. 

(2) We will use similar arguments to show this claim: F[L] = F^G*~\ j X(L) has 

no non-trivial idempotents. Since £g = Cq{V) and C{V) = we can assume 

L = L, i.e. L is observable. This implies X(L) = \I'(C(L)), which is clearly the 
specialization at g = 1 of ^(C(L)) = Uq therefore, F[L] = F[G*]/i{L) is 

canonically isomorphic to the specialization at g = 1 of Uq^ Uq Cq . 

From now on, one can mimic step by step the proof of part (1). The only detail 
to modify is that one must take Uq (Eq^ =: "^{^q) in place of 3q , and Uq [€.q) =: 

"^{Cg) in place of 3q . Letting H := Uqj ^((T^) , and if' := Uqj^[€^) , the thesis 
amounts to prove that 

a e H\ a^ = a mod (g-1) if' ^ a = mod(g-l)ii'' 

(In fact also a = 1 mod (g— 1) ii' would be ok, but, arguing as before, we'll restrict 
to the case e(a) = 0). 
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As (Eg is strict, it is easy to see from definitions that (Eg = Ug f] hence 
^((Tg) := Ug {(tgY = U g [u g H C,)^! the Mtcr is the kernel of the map Ug ^ — > 
Ug — » Ug I Uq (t^ , SO if' embeds as a C[g, g~^]-submodule of H , namely 



With this description at hand, computations are as in the proof of claim (1). □ 

Our next results are about the behaviour of quantum subgroups under compo- 
sition of Drinfeld-like maps. 

Proposition 5.10. Let Xg , Cg , Jg , (tg be weak quantizations of a subgroup K of 
G . Then: 

1. (X/)' , C,C (C/)' ; 

2. tg D {a^Y , 3g D {3g )^ . 

Proof. (1) By the very definitions, for any n G N we have 

5n (X,) C " n (ELo Ft D) = ^"^^ J^f^ (^Xg® (— 1) = 

= {<!- 1)" • E:=o {Fg-f'®Xg-® 
which means exactly Xg C (X,^)' . Similarly we can remark that: 

which means Cg C (CgY- Therefore claim (1) is proved. 

(2) As {'tgY is generated — as an algebra — by (g— l)^^^:^ f] Juj-, it is enough 
to show that the latter space is contained in £g . Let, then, x' G 'Lg Juj ■ Surely 
G (q'— 1) C^g, hence x' = (5i (x') +e(x') G (q — l) ^g- Therefore {q — l)~^x' G €g , 
q.e.d. Similarly, {^gY is the left ideal of Ug generated by {q — l)^^3gf]Ju^', thus 
since Ug ^ Ug — we must only prove that {q — l)^'^3qf]Ju^' is contained i 
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Ug. Again, if y' G 3gf]Ju,' then y' = 5i{y') + e{y') G (g - l)3g. Thus we get 
{q — l)~^y' G 3g , and (2) is proved. □ 

Remarks: 

(a) By repeated applications of the previous proposition it is easily proved that: 

V = (ivyj , Q = ((o^y , < = ({<Y)' > = ({^^:y) 

(b) Since we proved that Drinfeld-like maps always produce proper quantizations, 
and that proper quantizations specialize to coisotropic subgroups (cf. Propo- 
sition [33]) , the following holds: 
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1. if Xq = [XJ)' then Xq is a proper quantization (of type X) of a coisotropic 
subgroup of G ; 

2. if Cq = (Cq)*^ then Cq is a proper quantization (of type C) of a coisotropic 
subgroup of G ; 

3. if Dfq = {^qY then is a proper quantization (of type J) of a coisotropic 
subgroup of G ; 

4. if <tq = {^qY then is a proper quantization (of type of a coisotropic 
subgroup of G . 

(c) Since the whole construction is independent of the existence of real structures 
all the above claims hold true in the real framework as well. 

Next result reads as a converse of the previous one, holding for Drinfeld maps 
applied to strict quantizations: 

Theorem 5.11. 

(a) if Xq is a strict quantization of a coisotropic subgroup of G then Xq = {X^y 



(h) if Cq is a strict quantization of a coisotropic subgroup of G then Cq = {CJ)*^ 



(c) if 3q is a strict quantization of a coisotropic subgroup of G then 3q = {^qY 

(d) if ^q is a strict quantization of a coisotropic subgroup of G then <tq = {^qY > 

(e) The above claims hold true in the real framework as well. 

Proof, (a) Let Xq be a strict quantization; by Proposition I5.10l/ ^i ). it is enough to 
prove Xq D i^q) ■ For this we apply the argument used in (TD], Proposition 4.3, to 
prove that Fq D (F/) . 

We denote by L the closed, coisotropic, connected subgroup of G* such that 
X^ = 3q{L) , as in Proposition 15. and with [ its Lie algebra. 

Let y' E (XJ)' . Then there is n G N and E X^ \ {q — ^)^q such that 
y' = {q — 1)"?/^. As we have seen strictness of Xq implies strictness of X^ and 
therefore y^ ^ {q — 1) Fq , and so for j/^ := mod (g — 1) Fq we have y^ ^ Q E 

q=l 

As Fq is a quantization of f/(g*), we can pick an ordered basis {^aIaga '^^ 0*' 
and a subset {"^"x] xeK '^^ ~ ^Y^Jpq that x\ mod (g — 1) Fq = b\ for all 
X E A; therefore x)^ = (g — 1)^^X\ for some Xx E Jp^ , for all A (like in the proof 
of [To] Proposition 4.3). In addition, we choose now the basis and its lift so that 
a subset {fegjege (^'^^ some suitable 6 C A ) is a basis of I, and, correspondingly, 
{xeje^e - V- ^^^^^ y^ 7^ E i^/|g^i= U{q*) , by the Poincare-Birkhoff-Witt 
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theorem there is a non-zero polynomial P{{be}Q^Q) in the bg^s such that y'^ = 
P{{be}g(.e) ' lie^ce 

y" - Pi{^"e}eee) ^ ^7 H - 1) i^." = (?-!) ^7 • 

This implies = P(|a;g}g q) + (q' — for some z/ G N+ where we have 
yreIJ\iq-l)IJ. 

One can see, like in [7J, Lemma 4.12, that the polynomial P has degree not 
greater than n. Thus y' = {q — l)"'y'^ = (g — l)"P({x^}g^Q) + (g — 1)"'*'^?/^ , and 

by a degree argument. But now. Proposition 15.101 gives Ig C (X^^)'. Then 

y[ := y' - (g-l)"P({x;}^ J G (X;)' and y[ = (g-l)"+V = (g-l)"^^^ 

where rii := n+z/ > n, and G Xg^\(g— 1) . We can then repeat the construction, 
with y[ instead of y', rii instead of n, etc.: iterating, we find an increasing sequence of 
numbers {nsj^^^j^ (with no := n) and a sequence of polynomials {-Ps({Xe}ggQ) j^^^j 
(again Pq := P) such that the degree of Ps{{Xg} q^qJ is at most n^, and the formal 
identity y' = E.^m - ^T' Ps{{x^e} e^e) ^olds. 

Now set In '■= X]fe=i il ~ l)"~'^Xg'^ (for all n G N), and let Xg be the topological 
completion of Iq with respect to the filtration provided by the /„'s. Then, by 
construction, (g — l)"°Ps(|a:;g 1^^^) G In for all sGN. This yields 

Eiq-l)"'Ps{We}eee) ^ v' = EiQ-ir Ps{{x^e} 

where the last is an identity in Ig . Thus y' G (X^^)' P| Iq . Again with the same 

arguments as in [10], we see that Iqf]{q~lY Iq = {q—l)^Iq for any £ G N. This 

together with y' G (X^"^)' f] Iq give y' = {q — 1) for some m G M and rj G Iq] 
thus 

V = {q-iry' G x,n (g-irx, = (g-irx, , 

whence y' G Iq, q.e.d. 

(b) Assume that Cq is a strict quantization; by Proposition \5.10\( 2). it is enough 
to prove Cg 3 {(^q^- To do that, we resume the argument used in [TOJ, Proposition 
4.3, to show that Fg D (Pg^)'. 

We denote by L the closed, coisotropic, connected subgroup of G* such that 
Cg = Cq{L) and with [ its Lie algebra. 

Let c' G {C^f. Then there exist n G N and G \ (g - 1) Q such that c' = 
(g — l)"'c^. Note that strictness of Cg implies strictness of C^; hence ^ (<? — !) -^g^, 
so that for := mod (g - 1) P/ we have 7^ G Pg"^] f/(0*). Moreover, 

Since Pg^ is a quantization of U[q*), we can fix an ordered basis {&a}aga '^^ 
Q* , and a subset {^X} ^^j^ of (g — 1)~V^^ such that mod (g — 1) Pg^ = 6a for 
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all A G A; so x)^ = (g — 1) '^Xx for some Xx € Jp^, for all A (as in the proof of [TU] 
Proposition 4.3). We can choose both the basis and its lift so that a subset {b^}^^jyj 

is a basis of [ (here M C A), and, correspondingly, {x"^} ^^j^j ^ Jpq f] Cq ■ 

Since c"^ 7^ G = t/(0*) , by the Poincare-Birkhoff-Witt theorem there exists 

9=1 

a non-zero polynomial P{{b^j.} ^^j^j) in variables 6^'s such that c"^ = P{{b^i}^^j^), 
hence: 

- ^(K},eM) e n - 1) = - 1) c . 

Therefore, = P{{x''^}^^m) + (q - lY for some u G N-|- where we have G 

Now, we can see — like in [7], Lemma 4.12 — that the degree of P is not greater 
than n. Then 

c' = {q- irc- = {q- l)"^(K},eM) + - l)'^^^^! 

with (g-l)"p({x;:}^^^,J = (q-l)-p{{(q-l)-'x,}^^^J G because P has 
degree bounded (from above) by n. As Cg C (Cg)*^, by Proposition I5.10[ we get 

c[ := c' - iq-irP{{x'',}^^J G (C/)^ and c', = (q-ir^c- = (^-1)^0^ 

with rii := n + u > n, and G C^^ \ {q ~ 1)^/- We can repeat this con- 
struction with c[ in place of c', ni in place of n, etc.. Iterating, we get an in- 
creasing sequence of numbers {no := n) and a sequence of polynomials 
{P,({-^M}^eAf)} (^0:=^) such that the degree of P^({X^}^g^J is at most n^, 

andc' = E..N(^-ir^4KW- 
Consider 

/c, := Ker(^C:, 4. C[g,g-i] '-^ c) = Ker (c, '41 C,/(g- 1)C, 4> c) 

By construction, (g — l)"°Ps({x^}^^j^^) G Jc,"''' for all s G N; this means that 

XlseN ~ ^y^'' ^ latter being the J^-adic completion of , 

and the formal expression c' = XlseN ~ '''-'""'^^d'^Mi/^eA/) identity in : 

therefore c' G (Cg^)*" fl Acting as in [10], again, we see that (g — l)^Cq = 

(g - ifCq for all £ G N. Getting back to c' G (C/)^ H ^g, we have c' = (g - ly^n 

for some m G N and k E Cg ; thus k = (g — 1)™ c'g Cq f] {q — 1)"^ Cg = (g — l)™Cg, 
whence c' E Cg, q.e.d. 

('cj Let be a strict quantization: by Proposition 15.101 /^^) it is enough to prove 
'^q ^ (•'q)^! so given y G 3q, we must prove that y G (^fj)"^. Recall that 3q C Ug = 
(Uq)'^ , the last identity following from Theorem 14.11 By construction, 

= E„,>o - 1)"" , := {u^y + (9 - 1) f/; 

so for y E 3g C Uq = (Uq) ^ there exists G N such that 

y+ ■■= (q-ify e J,^ c (5.8) 
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Strictness of 3q , i.e. 3gf]{q — 1) Ug = [q — 1) 3q , implies 

s=l ^ ^ s=l ^ 

for all G N+; then, by the very definitions, the latter yields 3g = 3q{\ Uq . 
If in ( 15. 8 p = 1, then y+ = y E Uq, thus y E Jqf^Uq = 3q , q.e.d. If, instead, 
> 1 , then formula fl5.8p . along with 3q < Uq, yields: 

^n(z/+) G {{q-\f-Y.V^^^'-^^®3q®U^^''-'^] n ((g- Iff/D , Vn G N+ (5.9) 

and since 3q is strict, from (15. 9 p one gets 

n 

^n(l/+) G (g-1)" Ef^.®^'~'^ ® ® U^^^-''^ Vn G N 

which means ?/+ G Jj. Eventually, we have found ?/_|_ G 2Jj ■ 

Now look at := lu.'O^q ■ Using the fact that Uq = Uq{Q)' = F[G*] — from 

Theorem 14.11 — and = 3q{K)' = Xq{L) for some coisotropic subgroup L in G* 
— as granted by Proposition 15.51 — and still taking into account strcitness, by an 
easy geometrical argument (via specialization at g = 1) we see that 

I^,^3l^I^'\ mod(g-l)f/; VnGN+. 

This, together with 3q^{q — 1) Uq = {q — 1) 3q , yields also 

lu^'H^i = I,] mod(g-l)jJ VnGN+ 

Finally, by suitable, iterated cancellation of factors (g — 1), which is possible because 
'^gCli^ ~ ^)Uq — (g ~ 1) 5 we eventually obtain 

n = I,] mod (g - 1)" Vn G N+ . 

To sum up, we have y+ G Ij^, f] 3j = I^^ ; therefore, by definitions. 



(d) Let dq be a strict quantization: by Proposition \5.10\( 2) it is enough to 

9' 



prove C We follow the same arguments used for claim (c). Let c G 

since C f/^ = {Uq^ — from Theorem O— and {UqY = En>o - 1)~"^J^' 
(notation as above) for c E €q C Uq = {UqY there exists G N such that c+ := 

(g-ifcG/,^cf/;. 

Now, strictness of imphes 

(f/,^("-i) ® C,) n (g - 1)" Uq^'' = (g - 1)" (f/,®("-i) ® V n G N+ 

hence Cj" = £q t/g' . If the above is 1, then c+ = c E Uq , thus c G £q f/g' = 
(tq , q.e.d. If instead A^ > 1 , then 

5„(c+) G ((g - 1)^ • Uq^^^-' ® (tq) n ((g - l)"f/r) Vn G N+ 
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and, since (tg is strict, 5„(c+) G (g — 1)" ■ f/^®" ® for all n G N+ , which means 
c+ G (T^ . Thus, eventually, we have c+ G ^u^' ■ 

Let us look, now, at I^i := lujCl^g ■ Again in force of strictness of (tg , a 
geometrical argument (at g = 1) as before leads us to 

n = ^c"^ mod(g-l)"e:; , VnGN+ 

from which we conclude that c+ G iji f] £g = . Therefore, by the very 
definitions, 

c = (g-l)-^c+ e c (c^f , q.e.d. 

(e) This is a direct consequence of claims from (a) through (d). 

(f) Once again, this is true because the whole construction is independent of 
the existence of real structures. □ 

It is now time to clarify how the coisotropic subgroup L of G* is linked to the 
coisotropic subgroup of G . We will give this relation in the weak quantization 
case first, and show how it improves under stronger hypothesis. 

Theorem 5.12. Let K be a subgroup ofG, and letXg(K) , Cg{K) , '^g{K) and €g{K) 
be weak quantizations as in Definition \3.6i . Then ( with notation of Proposition \2.2\) 

(a) Ig{KY = 3g{K(^^) ; 

(b) Cg{Kf = (Eg{K(^^) ; 

(a) if '3g{K) = (3g{K)'^ , then 3g{K)' = Ig^K^-^^); in particular, this holds 
if the quantization '3g{K) is strict; 

(d) if €g = [€g{K)*^) , then 'tg{Kf = Cgi^K^-^"^) ; in particular, this holds if the 
quantization ^g{K) is strict; 

(e) claims (a-d) hold as well in the framework of real quantum subgroups. 

Proof, (a) By Proposition 15.11 we already have Xq{KY = 3g{L) for some subgroup 
L C G*. In order to show that L = K^-^\ we will proceed much like in the proof of 
F,^/ {q - 1) = f/(g*), as given in |10], Theorem 4.7. 

Let us fix a subset {ji, . . . , j„} of J adapted to K as in the proof of Proposition 
O Let := C and j"^ := (q-iy^j for all j G J. From the 

discussion in that proof, we argue also that {{q — mod {q — 1) | e G 

N" }, where j- = ^s=li«~*'*^ a C-basis of , and {j/, . . . , jj} is a C-basis of 
t=J^ mod (g- 

Now, j^j^ - jt^jf, G (g-1) J (for /i, 1/ G {1, . . . , n}) implies that: 

- jujf^ = (g - 1) E"=i + (g - 1)^ li + {q- 1) 72 
for some Cg G C[g,g~^], 71 G J and 72 G J^. Therefore 

K^i"] := = E:=ic.jr + 7i + (g-l)72" - E:=,c.J^ mod (g-l)F/ 
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(where we posed 72 := (g — 1)~^72 G (g — 1)~^(J^)^ C F^) thus the subspace 
t := mod (g— 1) is a Lie subalgebra of . But then it should be F-^ = U{i) 
as Hopf algebras, by the above description of Fi^ and PBW theorem. 

Now for the second step. The specialization map vr^ : F^ — » Fi^ = U (t) 

actually restricts tor]: = .P j H F^) = J"^ j {J+J'^J), because 

n ((9-1) = J^f] {Q-^y^lF^ = J + J'^J- Also, multiplication by 

yields a C[g, -module isomorphism /i : J ^ » J^. Let p : — » vXe/vae = 0* 

be the natural projection map, and u : Q* ' — > rUe a section of p. The specialization 

map TT : Fg — » Fi restricts to a map vr' : J » J/'( J (g — 1) F^) = trie. Let's fix 

a section 7 : trie' — > J of vr' and consider the composition a := rjopo'joh' : g* — t: 
this is a well-defined Lie bialgebra morphism, independent of the choice of u and 7. 

In the proof of Proposition 15.11 we made a particular choice for the subset 
{ji, . . . ,jn}- As a consequence, the above analysis to prove that a : Q* = t shows 
also that the left ideal Xi^ : = Xq mod (g — 1) Fq of [/(t) is generated by 

77 (X/) = (r^ o /i) (X,) = (a o p o tt) (X,) = a{p{X)) = ail"-) . 

So X/ = f/(0*) ■ = U{g*) ■ (t^) = 3{K^^'^) — where we are identifying q* with 
its image via a — which eventually means I = (t"*"). 

(b) By Proposition 15.31 we have Cq{KY = ^q{L) for some co isotropic subgroup L 
in G* . We must prove that L = K^^K Once again, we mimic the procedure of the 
proof of Proposition 15. 3[ and we fix a subset { ji, . . . , j„} of J as in the proof of such 
Proposition. Then, tracking the analysis we did there to prove that a : g* = t, we 
see also that the unital subalgebra Ci := Cg mod (g— 1) of t^(s*) is generated by 
r/(C7) = {por]){Cg) = (aopo7r)(Cg) = a(p(C)) = (t(!^). Thus Ci^ is the subalgebra 
of U{q*) generated by t^, hence = (!^)^^^ = U{{t^)^J = U{t^^^) = €{K<^'^) , 
which means I = {t^) , q.e.d. 

(c) Thanks to Proposition 15.51 we already know that 3g{Kf = Xg{L) for some 
coisotropic subgroup L in G* . Again, we must prove that L = K^^\ Note that 
we can assume K to be connected, as its relationship with 3q{K) passes through 
^ alone; thus in the end we simply have to prove that I := Lie{L) = t^-*-^ = t-^, 
taking into account that t^-*-^ = t-^ because t is coisotropic, by a remark following 
Proposition I5.1UI 

By assumption 3g{K) = (3g{K)' ) ; this and (a) together give 

3g{K) = {3g{Kfy= Xg{LY = = 3g{L^) 

where L^-*-^ = L"*- because L is coisotropic as well: at g = 1, this implies t = l^, 
q.e.d. 

(d) We must prove that L = K^-^'^: as above we can assume K to be connected, 
so we only have to prove that [ := Lie{L) = 1^^^ = 6-*- (as t is coisotropic, by 
Proposition 15.111 

By assumption Cg = [Cg{K)*^) ; this along with (c) gives 

€g{K) = {Cg{K)'f= CgiLf = €g{L^^^) = Cg{L^) 
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with = since L is coisotropic too: speciahzing at g = 1, this yields t = I . 

(e) This is clear again since all arguments pass through unchanged in the real 
setup. □ 

Corollary 5.13. LetXq{K) and Cq{K) be weak quantizations of a (not necessarily) 
coisotropic subgroup K of G, of type X and C respectively. Then, with notation of 
Definition \2.1[ we have 

{UKY)'=lq{k) , {Cq{Ky)' = Cq{k) . 

Proof. Theorem \b.V2Y a) gives Xg(K)^= , and Proposition EID] yields 

so that {3q{K^^^)'^ = 3g{K^^^). Then Theorem EH gives 

a,(K<^))' = X,((K<^>)<^>) =X,(K) 

I I o 

by Proposition 12.21 Therefore (Xg(Kyy = 3q(^K^^^y = Xq(K ) as claimed. 

Similarly, Theorem 15 . 1 2 1( ^6 ) gives Cq{KY = , and the first remark after 

Proposition 15.101 yields 

so that (Cq(fr^-'-^) j = . Then again by Theorem [5.121 /^6?) we get 

still by Proposition m Thus (Cg(ir)^)^ = <lq{K'^^'^^ = Cg(K ) as claimed. □ 

One might guess that this Corollary holds true for weak quantizations of type 3 
and £ as well: actually, we do not know whether this is true or false. 

We now consider the "compatibility" among different Drinfeld-like maps acting 
on quantizations of different types over a single pair (subgroup, space). Indeed, 
we show that Drinfeld's functors preserve the subgroup-space correspondence — 
Proposition 15.141 — and the orthogonality correspondence — Proposition l5.16l — (if 
either occurs at the beginning) between different quantizations as mentioned. 

Proposition 5.14. Let K be a closed subgroup of G, and let \1' and $ be the map 

mentioned in ^2.1[ Then the following holds: 

(a) Let Cq andXq be as in Section\^ If ^(Cg) = Iq , then '^(Cq) =T.q . 

(b) LetXq and Cq be as in Section\^ If $(Xq) = Cq , then $(Xg^) = Cq . 
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(c) Let €q and 3q be as in SecUonlM If ^(C^) = 3q, then ^(Cj^) C 3^ . 

(d) Let 3q and €q be as in Section\^ If ^3q) = €q , then <l>{3q) = (t^ . 

Proof. Claims (a) and (c) both follow trivially from definitions. 

As to claim (b), let r] e = $(Xg)+ , so that A(?7) e 77 1 + Fg O Xg . Then 
:= {q — 1)~^?7 enjoys 

A(r/^) G ^7^® 1 + Fg ® (g - ly^Iq C r/^® 1 + F/®X/ 

whence rj"^ G =: $(Xg'^) . Since Cq is generated (as a subalgebra) by 

(g - 1)"^ Cg+ , we conclude that C $(X/) . 

Conversely, let G $(Xg^) . Then A((/?) G (y9 (g) 1 + -Fg"^® Xg^ , and there exists 
n E N such that := (g — l)"'ip G Xg , so that A((y9+) E Fq ® Xq + Xq ® Fq (since 
Iq<Fq). Then 

A(¥;+) G ® 1 + (g - l)"Fg^® Xg^) f] {Fq ®Xq+Xq® Fq) 

or equivalently 

A(V9+) - ® 1 G ((g - l)"Fg^® Xg^) n {Fq ®Xq+Xq® Fq) (5.10) 

Now, the description of Xg^ given in the proof of Proposition 15.11 implies that 

((g-l)"Fg^®Xg^)n(i^,®Xg+Xg®Fg) = Fg^Xg 

this together with (ISTTOD yields A((p+) G v?+ ® 1 + Fg (g) Xg , hence G Fg"^"^' =: 
$(Xg) = Cq and so G (g — 1)" Cg Fg^ . On the other hand, the description of Cq 
in the proof of Proposition 15.31 implies that (g — l)~"Cg ^Fq C Cq , hence we get 
if G Cq , q.e.d. 

We finish with claim (d). For the inclusion $(3fg) 3 €g^ , let k G Cg*" . Since 
$(!Jg) contains the scalars, we may assume that k G Ker{e), thus A(k) = k ® 
1 + 1 K + 52(/t) • By Proposition 15. 7[ we have (iq<e Uq ; thus A(/t) — k ® 1 = 
1 ® K + 52(/t) G Uq ® (Eg , and more precisely 

A(k) - K ® 1 = 1 ® K + 52(ft;) G f/g' ® (Cg^ )^ . 

Since Cg*" C '^[(Eg) C Jg , by claim (c), we get A(k) — k 1 G f/g' 3fg , so k G 
(f/;)™^^' =: . Thus £g^ C $(jg) . For the converse inclusion, let r] G $(ag) ; 

again, we can assume rj G Ker{e) too. As 3q C Ug , we get r/ G ^{3q) C $(3^q) = 
Cg . Then 5„(r/) G f/g®'^® Cg for all n G N+ , so 

'5n(r7) G (g-ir(^E f^g®(^"'^®ag®f/g®("-^)^n(f^f^^^^^ C (g-irf/g^("-i)®£g 

hence 5n{r]) G (g-1)" f/g®^"""^^® Cg (nGN+) and i] e (Lq , which means i] e €g . □ 

Remark 5.15. The inclusion \l'(Cg*') C Ug of Proposition ISTT^ c ) is not an identity 
in general — indeed, counterexamples do exist. 
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Finally, we look at what happens when our Drinfeld-like recipes are applied to 
a pair of quantizations associated to a same subgroup / homogeneous spaces with 
respect to some fixed double quantization (in the sense of Section [3]). The result 
reads as follows: 

Proposition 5.16. Let (^Fq[G] ,f/q(g)) be a double quantization of {G,g) . Then: 

(a) Let Cq and 3q be weak quantizations and assume that Cq = 3q^ and 3q = . 
Then 3q = (Cq)^ and Cq C (3q)^ . //, in addition, either one of Cq or 3q 
is strict, then also Cq = (3q ) ^ . 

(b ) Let (Eq and Xq be weak quantizations and assume that Xq = (Eq^ and (Eq = Xq^ . 
Then (Eg = (Xq^)^ and Xq C (Ctg')^ • //, in addition, either one of (Eq or Xq 
is strict, then also Xq' = (Cq )^ ■ 

Proof. Both in claim (a) and in claim (b) the orthogonality relations between 
and Xq and between Cq and 3q are considered w.r.t. the pairing between Fq[G] and 
[/^(g), and the subsequent orthogonality relations are meant w.r.t. the pairing be- 
tween Fq[GY and Uqio)' . Indeed, by Theorem SH (^f/q(g)' , FJG]'') is a double 
quantization of (G* , g*) . 

(a) First, e{3q) = because 3q is a coideal. Then x = Si{x) G {q — 1) Uq for all 
X G , hence 3q C [q — \)Uq. Thus we have 

(C„J,'>C(g-l)C[g,g-i] . 

Now let J = Jp^ be the ideal of Fq, and take q G fl J (i = 1, . . . , ; then 
(cj, 1) = e(cj) = (i = 1, . . . , n) . Given y G 3q , look at 



i=l / \i=l I \i=\ *C{l,...,n} / *C{l,...,n}\ i=l 

Consider the summands in the last term of the above formula. Let |\1'| = t 
{t < n) , then 

( ®r=i Ci , S^{y)) = { (g)i<=^ c, , St{y)) ■ J] (cj , 1) 

by definition of . Thanks to the previous analysis, we have Ylj^^i^j — 
unless \E' = {1, . . . , n} , and in the latter case 

n 

S^y) = Sniy) G (g - 1)" E Uq''^-'-'^®3q ® (""^^ . 

s=l 

The outcome is 

( UC^, y) = ( <S>Ci, Sn{y)) e { IS)C^, 1)"E Uq^^'~'^0 3q ® Uq^^^''^ ) = 

\ j=l / \ i=l I \ i=\ s=\ I 



32 



because y G 3q and 3q = C^"*" by assumption. Thus ((g— 1) "(Cg f]J)^, ^q) = , 
for all n G N+ . In addition, {|l , 3^^ = e(3fg') = . The outcome is {Cq , 3q) = , 
whence 3q C (Cq)'^ , and Cg C (DfJ)^. 

Now we prove also (C/) C 3q . Notice that D Cq , whence (C/) C = 
; therefore {Cq)^ C . Pick now i] G (C^'^)''" (inside Uq). Since G f/g' , for 
all n G N+ we have 5n(^) ^ (o' — l)"'?7g®" , and from r] G (C/)"*" we get also that 
?7+ := (g — 1)~"5„(?7) enjoys (^{Cq f] Jpq )'^", V+J = — acting as before — so that 

^ ' r+s=n—l 

Moreover <5„(r7) G J^,®" , hence 5n{ri) G ((g-l)"f/,''") fl V = 

so 

Since [Cq ^Jf^)^V\ Ju^ = Cq^ H Ju^ = D <^c/, = , we have 

r+s=n— 1 

whence 

5n{r,) G (g-ir E Uq'''^®3q®Uq''' V ^ G N+ . 

r+s=n — 1 

Being, in addition, t] E 3q , for we proved that (Cq)'^ ^ , we get t] E 3q . 

Therefore (Cq)'^ C , q.e.d. 

Finally, assume that Cq or 3q are strict quantizations. Then we must still prove 
that Cq = (3q ) . Since Cq = 3q^ and 3q = C,^ , it is easy to check that Cq is 
strict if and only if 3q is; therefore, we can assume that 3q is strict. 

The assumptions and Theorem 15. Ill (h) give 3q = {3qY ; moreover, Xq := 3q is 
strict. Then we can apply the first part of claim (h) — which is proved, later on, in a 
way independent of the present proof of claim (a) itself — and get {Xq)'^ = {^q'^ ■ 
Therefore 

C = (3/)' = ((P.T)')' = (W)")' = ■ ("1) 

Now, it is straightforward to prove that Xq strict implies that X^"*" is strict as well. 
Then Proposition \b.llY d) ensures ^(Xg"'")^j = X^^ . This along with (15. lip yields 

C7 = ((X/)^y = X/ = [3q)^ , ending the proof of (a). 

(b) With much the same arguments as for (a), we find as well that 

{Xq\(Eq^) E (J^("-1)®X,, f/,^("-l)®C:,> C (XqXq) = 
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because Iq = €q ; this means that 



V^iO ' ■ (5-12) 



Let now k e (X/)^ (^f/^') . Since k e Ug , we have G (g - l)"f/g^" for 

all n eN; moreover, from k G {^g^)^ it follows that /€+ := (g — G f/g®"" 



enjoys ( J®("-i) ® X„ , ) = , so that 



In addition, G Juf '"'i where Ju^ := K'er(e : t/g — )■ C[g, g^^]) ; therefore 

5n{^^) e ((g- Iff/g®") ri-^c/f" = (g-lfJt/f", which together with the above 
formula yields 

e (j^("-^)®x,)^n^i/r = 

\ r+s=n-2 / ^ ^ 



= Ji/f ® (x/ n ^t/.) = Juf ® n Ju)i c f/,«(""^) ® 

where in the third equality we used the fact that J-*- Juq = {0} . So /t+ G 
® , hence (5„(fi:) G (g - l)"f/<j®("^i) ® €q for all n G N+ : thus k e €^ . 
Therefore {^q^) ^ Cq , which together with the right-hand side inequality in fl5.12p 
gives C:;=(X/)^. 

In the end, suppose also that one between (tg and Iq is strict. As Iq = <tq^ and 
€q = Xg"*" , one sees easily that Xg is strict if and only if Cq is; then we can assume 

that Cq is strict. We want to show that Iq^ = {^q)^ ■ 

The assumptions and Theorem \5.1lY d) give <tq = (C^)^. Moreover, we have 
that Cq is strict by Proposition \5.3Y 3) and Proposition 15.71 (3). Then we can apply 
the first part of claim (a), thus getting (Cq) = {Cq^y . Therefore 

1/ = (£/)■' = = ii^')")' = (c^'")'/ (5.13) 

Now, one proves easily that Cq strict implies Cq^ strict. Then Theorem I5.11l/ ^c) 
yields ({Cq-^yJ = Cq^. This and dm give X/ = ((Q^)'^ = Cq^ = (C^)^, 
which ends the proof of (h ). □ 
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6 Examples 



In this last section we will give some examples showing how our general constructions 
may be explicitely implemented. Some of the examples may look rather singular, 
but our aim here is mainly to draw the reader's attention on how even badly behaved 
cases can produce reasonable results. It has to be remarked that a wealth of new 
examples of coisotropic subgroups of Poisson groups have been recently produced 
([20]). to which our recipes could be interestely applied. 

N.B.: for the next examples — Subsections \6.2\ and 16.31 — one can perform the 
exphcit computations (that we just sketch) using definitions, formulas and notations 
as in §6, and in §7. 

6.1 Quantization of Stokes matrices as an ^L*— space 

As a first example, we mention the following. A well-known structure of Poisson 
group is defined on SLn , typically known as the standard one; then one can consider 
its (connected) dual Poisson group S'L * , which in turn is a Poisson group as well. 
The set of Stokes matrices — i.e. upper triangular, unipotent matrices — of size n 
bears a natural structure of Poisson homogeneous space, and even Poisson quotient, 
for SL^ . In [3], Section 6, it was shown that one can find an explicit quantization, of 
formal type, of this Poisson quotient by a suitable application of the QDP procedure 
for formal quantizations developed in that paper. 

Now, let us look at the explicit presentation of the formal quantization Unisin) 
considered in [loc. cit.]. One sees easily that this can be turned in a presentation 
of a global quantization (of s[„ again), i.e. a QUEA Uq{sln) in the sense of Section 
[31 Similarly, Drinfeld's QDP (for quantum groups) applied to [/s(s[„) provides a 
formal quantization F?i[[S'L*]] := f/;j(s[„)' of the function algebra over the formal 
group SL^] but then the analogous functor for the global version of QDP yields 
(cf. Theorem 14. ip a global quantization Fq[SL^] := Uq{sln) of the function algebra 
over SL^ . In a nutshell, Fq[SL*] is nothing but (a suitable renormalization of) an 
obvious C [g, -integral form of F?i[[S'iy*]] . 

Carrying further on this comparison, one can easily see that the whole analysis 
performed in [1] can be converted into a similar analysis for the global context, 
yielding parallel results; in particular, one ends up with a global quantization — of 
type C, in the sense of Section\^ — of the space of Stokes matrices. More in detail, 
this quantization is a strict one, as such is the quantum subobject one starts with. 

Since all this does not require more than a word by word translation, we refrain 
from filling in details. 

6.2 A parametrized family of real coisotropic subgroups 

Coisotropic subgroups may came in families, in some cases inside the same conjugacy 
class (which is responsible for different Poisson homogeneous bivectors on the same 
underlying manifold). An example in the real case was described in detail in [T]. 
The setting is the one of standard Poisson 5'L2(M) , which contains a two parameter 
family of 1- dimensional coisotropic subgroups described, globally, by the right ideal 
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and two-sided ideal 

X^,^ := I a - + 2 q-2fj.b , g i/6 + c } ■ [SL2(M)] (6.1) 

where a, b, c, d are the usual matrix elements generating Fg [S'L2(M)] , with *- struc- 
ture in which they are all real (thus q* = ) and /i, G M . The corresponding 
family of coisotropic subgroups of classical SL2(M.) may be described as 



d — 2yu6 h 
—ub d 



b,deR, d^ + ub'^ 



(adapting our main text arguments to the case of right quantum coisotropic sub- 
groups, this is quite trivial and we will do it without further comments). The 
corresponding S'L2(M)-quantum homogeneous spaces have local description given 
as follows: C^^,^ is the subalgebra generated by 

zi = q~^{ac + ubd) + 2fj,bc , Z2 = + ud^ + 2fiq~^cd , 
23 = 0^ + ub^ + 2fiq~2ab . 

Using commutation relations — see (12) in [2J — it is easily seen that C^^i, has 
a linear basis given by | Z1Z2 , -212:3 | p, g, r G N } . 

Proposition 6.1. The subalgebra C^^u is a right coideal 0/ [S'L2(M)] and is a 
strict quantization — of type C — of K^^^j . 



Proof. The first statement is proven in |2]. As for the second we will first show that 
z\z\ , z^z"^ ^ {1 — ^)Fq ['S'I/2(M)] for any p, g, r G N . This may done by considering 
their expression in terms of the usual basis | a^b^c^ , b^c'^d'^ } of Fg[S'L2(]R)] . In 
fact we do not need a full expression of monomials ZiZ^ or zfz^ in terms of this 
basis, which would lead to quite heavy computations. It is enough to remark that, 
for example, since 



p r 
Zi Z2 



(^q 2ac + b{ud + 2jjc)y (^c^ + {ud + 2jjq ^cjd 



we can get an element multiple of a^d''^'^^ only from (ac) ■ ■ ■ ■ (ac) ■ c ■ ■ ■ ■ c , which 
is of the form q^a^d'^'^'^ ^ [S'L2(M)] . Since no other elements may add up with 
this one, we have z\z2 ^ {q — l)Fq [S'L2(I^)] • A similar argument works for z^z"^ . 

In a similar way we prove that any C [g, g^^] -linear combination of the z^z'^''^ and 
the ^1 2:3 's is in (g— l)Fg [S'L2(M)] if and only if all coefficients are in (g— 1)C [g, g^-*^] . 
Therefore Cq is strict, q.e.d. □ 

It makes therefore sense to compute C^y^ ; to this end, we can resume a detailed 
description of Uqist^) := [S'L2(M)] ^ — apart for the real structure, which is not 
really relevant here — from [S], §7.7. From our PBW-type basis we have that C^^^ 

is the subalgebra of Fg [S'L2(M)] generated by the elements •= — e{z,i)^ G 

Fg [SL2{R)] (z = 1, 2, 3) . Since we know that 



a — 1 b c d — 1 

H+ ■■= , E := , F := , H := - 

g — 1 Q — ^ 9~1 Q ~ ^ 
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are algebra generators of Uq{sll) := Fq[SL2{M.)Y > we deduce that 



C: 





1 


(2- 


u 


q - 


1 


Ca- 


1 


Q - 


1 



q'^{F + vE) + (g - 1) [q'^H+F + q'^vEH. + 2^EF^ 
2 {uH_ + iiq-^F) + (g - 1) + vHl + 2fiq~^FH^^ (6.3) 
2 + /ig-^E) + (g - 1) (^Hl + vE^ + 2/xg-5i7^E^ 



In the semiclassical speciahzation t^g(s(2) ^> f/g(sl2) j {q — 1)^^9(5^2) oii^ has 
that I— )■ e , F I— )■ f , H± ^ ±h , where h, e, f are Lie algebra generators of stg ; 
therefore the semiclassical limit of the right hand side of (16. 3 p is the Lie subalgebra 
generated by f + z/e, — z/h + /ie, h + /xe, or, equivalently, the 2-dimensional 
Lie subalgebra generated by f + z/ e and h + e (the three elements above being 
linearly dependent) with relation [h + /ie,f+z/e] = f+ z/e. The quantization of 
this coisotropic subalgebra of 5{*2 is therefore the subalgebra generated inside Uq^si*^) 
by the quadratic elements (16. 3p . 

Similar computations can be performed starting from X^ ^ . The transformed XJ^^ 

is the right ideal generated by the image of a — d + 2q^^h and qub + c, i.e. the right 
ideal generated by H^—H_+2q2fiE and quE+F; moreover, from its semiclassical 
limit, it is easily seen that this again corresponds to the same coisotropic subgroup 
of the dual Poisson group SL2{M.)* . 

All this gives a local — i.e., infinitesimal — description of the (2-dimensional) 
coisotropic subgroups K^^^ in SL2(M.)* . 



6.3 The non coisotropic case 

Let us finally consider the case of a non coisotropic subgroup. We will consider the 
embedding of SL2{C) into SL^IC) corresponding to a non simple root, which easily 
generalizes to higher dimensions. Computations will only be sketched. 

Let f) be the subalgebra of sl^^C) spanned by Fi 3 , Fi 3 , ifi 3 = Hi + H2 . Easy 
computations show that the standard cobracket values are 

6{Eis) = Eis A {Hi + H2) + 2E23 A Eu 
5(Fi3) = Fi3 A (Hi + H2) - 2F23 A F12 (6.4) 
5{Hi + H2) = 

and, therefore, the corresponding embedding SL2{'C) ^ SL^i^C) is not coisotropic. 

o 

To compute the coisotropic interior f) of [) , consider that {Hi + H2) is, trivially, a 

o 

subbialgebra of i) , thus contained in f) . Let X := {Hi + H2) + aEi^ + f3Fi3 : then 
6{X) = X A{Hi + H2) + 2{aE23AEi2-/3F23AFi2) 

o 

shows that no such X is in [) , unless a = = P . The oucome is that we have 

/ 7 \ 
^=01 C SL3{C) 
\0 J 
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with 7 G C* . Correspondingly 

= (S)^= (ei,2,ei,3,e2,3,fl,2,fl,3,f2,3,h2.2> (C5[3(C)* 

and, thus SL-i{<C)* ju^^'^ is a 1- dimensional Poisson homogeneous spaces — with, 
of course, zero Poisson bracket. 

Let us consider now any weak quantization ^q{H) of H. It should certainly 
contain the subalgebra of [/^(sla) generated by the root vectors Ei^^ , Fi 3 , together 

with KiK;^^ and ^1,3 := {KiK^^ - l)/(g - 1) . The equality 

A(El,3) = Ei,3 ® i^i 7^3-1 + 1 ® Ei,3 + (g - l)Ei,2 ® ^2,3 

tells us that, in order to be a left coideal, such a quantization should also contain 
either (g — 1)-Ei,2 or (g — 1)-E2,3 (and thus, as expected, it cannot be strict). Let 
us try to compute some elements in 'tg{Hf . Certainly, since 

^2(^1,3) = Hi,3®{KiK,'-l) = (g-l)ifi,3®i^i,3 

we can conclude that (g — l)i^i,3 G ^q{Hf . On the other hand, 

52(£^l,3) = (g - 1)^1,3 ® i^l,3 + (g - 1)^1,2 ® ^2,3 

implies that (g - 1)^1,3 ^ , while (g - 1)2^1,3 E €g{Hf . 

All this means the following. 

Within (Eg{Hy we find a non-diagonal matrix element of the form (g— 1) ti^3 : it 
belong to {q—l)Ug{slsy but not to (g— l)Cg(if) , so that 

<tgiHff]iq-l)Ugi5hy ^ iq-l)UHf 

which means that the quantization ^q{H) is not strict. On the other hand, we know 
by Proposition that ^q{H) is proper. Therefore, we have an example of a 

quantization (of type Cq , still by Proposition 5.7^ 3)) which is proper yet not strict. 



In addition, in the specialization map vr : f/g(sl3)' » Uq^sl^)' ^ (g — l)f/q(sl3)' 

the element (g— 1) ti,3 is obviously mapped to zero, i.e. it yields a trivial contribution 
to the semiclassical limit of ^q{H) — which here is meant as being T:ytq{H) j = 

tq{H'f I €q{Hf f]{q — l)t/g(s(3)' . With similar computations it is possible to prove, 

in fact, that the only generating element in (t{Hf having a non-trivial semiclassical 
limit is (g — l)-ffi,3 . Therefore, through specialization at g = 1 , from €{H) one 
gets only n(^€q{H) ) = C[t2.2] : indeed, this in turn tells us exactly that ^q{H) is 
a quantization, of proper type, of the homogeneous S'L3(C)*-space SL^{£)* j H^-^'> 
(whose Poisson bracket is trivial). 
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